THE KAC-WANG-YAN ALGEBRA WITH NEGATIVE INTEGRAL CENTRAL 

CHARGE 
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ABSTRACT. The Lie algebra V of regular differential operators on the circle has a universal 
central extension V. The invariant subalgebra V + under an involution preserving the prin- 
cipal gradation was introduced by Kac-Wang-Yan. The vacuum T> + -module with central 
charge c G C, and its irreducible quotient V c/ possess vertex algebra structures. We prove 
that for every integer n > 0, V_„ is a W-algebra of type W(2, 4, 6, . . . , 2n 2 +4n). This is a for- 
mal consequence of Weyl's first and second fundamental theorems of invariant theory for 
the symplectic group Sp2n- Our result implies that invariant subalgebras of the /?7-system 
of rank n under arbitrary reductive group actions are strongly finitely generated. 
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1. Introduction 

Let V denote the Lie algebra of regular differential operators on the circle. It has a uni- 
versal central extension V = V © Ck which was introduced by Kac-Peterson in [KPJ. Al- 
though V admits a principal Z-gradation and triangular decomposition, its representation 
theory is nontrivial because the graded pieces are all infinite-dimensional. The important 
problem of constructing and classifying the quasi-finite irreducible, highest-weight repre- 
sentations (i.e., those with finite-dimensional graded pieces) was solved by Kac-Radul in 

Key words and phrases, invariant theory; vertex algebra; reductive group action; orbifold construction; 
strong finite generation; W-algebra. 
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|KRI]]. In MFKRWL the representation theory of V was developed by Frenkel-Kac-Radul- 
Wang from the point of view of vertex algebras. For each c 6 C, V admits a module 
M. c called the vacuum module, which is a vertex algebra freely generated by fields J 1 of 
weight I + 1, for / > 0. The highest-weight representations of V are in one-to-one cor- 
respondence with the highest-weight representations of M. c . The irreducible quotient of 
M. c by its maximal graded, proper P-submodule is a simple vertex algebra, and is often 
denoted by Wi +00jC . These algebras have been studied extensively in both the physics and 
mathematics literature and they play an important role the theory of integrable systems. 
For generic values of c, M c is irreducible, so Wi +00iC = M c , but when c is an integer, M c 
is reducible, and the structure and representation theory of >Vi +00iC are nontrivial. 

In IIKWYL it was shown that there are two anti-involutions a± of V (up to conjugation) 
which preserve the principal Z-gradation. The invariant Lie subalgebras under these 
involutions are denoted by V ± , and the authors regard T> + as the more fundamental of 
these two subalgebras. For each c e C, T> + admits a vacuum module which is a vertex 
subalgebra of M. CI and is freely generated by fields W 2k+1 of weight 2k + 2, for k > 0. The 
unique irreducible quotient of M.+ is denoted by V c in ||KWY| , and we shall refer to V c 
as the Kac-Wang-Yan algebra in this paper. Let tx c denote the projection — > V c , whose 
kernel X c is the maximal proper graded X? + -submodule of M.+ , and let w 2k+1 = n c (W 2k+1 ). 
Generically M.^ is irreducible, but when c is an integer or a half-integer, .M+ is reducible, 
and the structure and representation theory of V c are nontrivial. 

When c is a positive integer n or a positive half -integer n + 1/2 the structures of both 
V n and V n+ i/2 are well understood. By Theorem 14.2 of IIKWYL the W-algebra WV n of 
central charge n decomposes as the direct sum of V n and an irreducible, highest-weight 
Vn-module. A consequence is that V„ has a minimal strong generating set 

{w\w 3 ,w 5 ,...,w 2n - 3 }, 

and is therefore a W-algebra of type W(2, 4, 6, . . . , 2n — 2). Similarly, by Theorem 14.4 of 
|KWY1 the W-superalgebra Wi3(0, n) of central charge n — 1/2 is the direct sum of V n+ i/2 
and an irreducible, highest-weight V n+ i/2-module. This implies that V n +i/2 is a W-algebra 
of type W(2,4,6,...,2n). 

In the case where n is a negative integer, it is an open problem to determine the struc- 
ture of V- n and V n +i/2/ and to find a minimal strong generating set; see Remark 14.6 of 
[KWYfl. In this paper we focus on V_„, and our starting point is a remarkable free field 
realization of V_„ as the Sp2n-invariant subalgebra of the vertex algebra T®~ n , which is 
just the /37-system of rank n [KWYJ. In order to be consistent with the notation in ULlf 
and [LIIJ, we shall denote J 7 ®-™ by S(V), where V is the vector space C n . The isomor- 
phism V- n = S(V) Sp2n indicates that the structure of V_„ is deeply connected to classical 
invariant theory. The action of Sp 2 n on S(V) is analogous to the action of Sp 2n on the Weyl 
algebra T>(V), and Sp 2n is the full automorphism group of S(V). Moreover, S(V) admits 
an Sp2n-invariant filtration such that the associated graded object gr(S(V)) is isomorphic 
to Sym0 A;>[) [4 as a commutative ring, where each U k is a copy of the standard Sp 2n - 
representation C 2n . As a vector space, V_ n is isomorphic to R = (Sym0 fc>o Uk) Sp2n , and 
we have isomorphisms of commutative rings 

gr(V_ n ) gr(S(V) Sp2n ) = gr(S(V)) Sp2n = R. 

In this sense, we regard V_ n as a deformation of the classical invariant ring R. 
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By Weyl's first and second fundamental theorems of invariant theory for the standard 
representation of Sp 2n , R is generated by quadratics {q a ,b\ < a < b}, and the ideal of rela- 
tions among the q a ,b's is generated by Pfaffians of degree n+ 1. We obtain a corresponding 
strong generating set {oJ a ,b\ < a < b} for V_ n , as well as a generating set for the ideal of 
relations among the co a ,b' s / which correspond to the Pfaffians with suitable quantum cor- 
rections. This generating set is related to {d k w 2m+1 \k, m > 0} by a linear change of vari- 
ables. The relation of minimal weight among the generators occurs at weight 2(n + l) 2 , 
and corresponds to a singular vector P G Z_„ c Ait n . In fact, we shall see that P gen- 



erates X n as a vertex algebra ideal. This is analogous to Theorem 4.4 of ILIf, which states 
that the maximal proper graded X>-submodule of -M_„ is generated as a vertex algebra 
ideal by a singular vector of weight (n + l) 2 . 

The technical heart of this paper is a detailed analysis of the quantum corrections of the 
above classical relations. We will prove that the relation in V_ n of minimal weight is of 
the form 

(1.1) w *?+4n+l = Q( w l iW 3 i ^ _ _ _ } w 2n»+4n-l^ 

where Q is a normally ordered polynomial in w 1 , w 3 , w 5 , . . . , W 2n2+An - 1 a nd their deriva- 
tives. We call (|1.1|) a decoupling relation, and by applying the operator w 3 o 1 repeatedly, it is 
easy to construct higher decoupling relations 

for all m > n 2 + In. This shows that {w 1 , w 3 , w 5 , . . . , u; 2n2 + 4n - 1 j. is a minimal strong gen- 
erating set for V- n , and in particular V_ n is a W-algebra of type W(2, 4, 6, ... , 2n 2 + An). 
This generalizes a theorem of de Boer-Feher-Honecker in the case n — 1 (see Section 1 of 
[BFHJ), and is analogous to Theorem 4.16 of flLl|, which states that Wi +(X) .-„ is a W-algebra 
of typeW(l,2,3,...,n 2 + 2n). 

Given a simple, finite-dimensional Lie algebra g, let Vfe(g) denote the corresponding 
irreducible affine vertex algebra at level k. By Theorem 14.5 of [KWYJ, V n is isomorphic 

to the Sp2n-invariant subalgebra l / _i/2(sp 2 „) Sp2n , which was denoted by W(CjP/C n , -1) 
in [KWY| . It is known (see Equation 2.4 of [BFHJ) that the commutant of the diagonal 



V m -y 2 (sp2n) inside V m (sp 2 n) ® Vli/ 2 (sp 2ri ), is a deformation of V_i/ 2 (sp 2 „)' Sp2n , and 
V-i /2 (sp2n) S ' P2n = lim Com(K n _ 1/2 (sp 2n ),K m (sp 2n ) ® 1/_i /2 (sp 2n )). 

m— >oo 

This commutant was conjectured by Blumenhagen-Eholzer-Honecker-Hornfeck-Hubel 
(see Table 7 of EHB) to be a deformable W-algebra of type W(2, 4, 6, . . . , 2n 2 + An), so 
our result was anticipated in the physics literature as early as 199E0. 

The representation theory of VL n is governed by its Zhu algebra, which is a com- 
mutative algebra on generators + corresponding to the generators 
of V n - The irreducible, admissible Z> -graded V_„-modules are therefore all highest- 
weight modules, and are parametrized by the points in the variety Spec(A(V_„)), which 
is a subvariety of C" 2+2n . By Theorem 13.2 of |KWY | [ , Sp 2n and V_ n form a dual reductive 
pair in the sense that the /37-system S(V) of rank n admits a decomposition 

(1.2) 5(K)^0IM0M", 

ueH 



1 I thank T. Creutzig for pointing this out to me. 
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where H indexes the irreducible, finite-dimensional representations L{y) of Sp2n, and 
the M u 's are inequivalent, irreducible, highest-weight V_„-modules. The modules M v 
appearing in this decomposition have an integrality property, and they correspond to 
certain rational points on Spec(A(V_„)). 

Our result on the structure of V_ n is the missing ingredient in our program of studying 
invariant subalgebras of the /37-system under arbitrary reductive group actions [LIIJ. Re- 
call that a vertex algebra A is called strongly finitely generated if there exists a finite set of 
generators such that the collection of iterated Wick products of the generators and their 
derivatives spans A. This property has many important consequences, and in particular 
implies that the Zhu algebra of A is finitely generated. In recent work [LIIJ [LIIIJ [LIVJ, 
we have investigated the strong finite generation of invariant vertex algebras A G ' , where 
A is a free field or affine vertex algebra and G is a reductive group of automorphisms of 
A. This is an analogue of Hilbert's theorem on the finite generation of classical invariant 
rings. It is a subtle and essentially "quantum" phenomenon that is generally destroyed 
by passing to the classical limit before taking invariants. Often, A admits a G-invariant 
filtration for which gr(^4) is a commutative algebra with a derivation, and the classical 
limit gr(^4 G ) is isomorphic to (gr(„4)) G as a commutative algebra. Unlike A G , gr(„4 G ) is 
generally not finitely generated as a vertex algebra, and a presentation will require both 
infinitely many generators and infinitely many relations. 

Isolated examples of this phenomenon have been known for many years (see for exam- 
ple BBFHll llEFHl 1 DNB IIFKRWI1 IIKW Yll ) . although the first general results of this kind were 
obtained in [LIIJ, in the case where A is the /37-system S (V) of rank n, and G is a subgroup 
of GL n . By a theorem of Kac-Radul IIKRI1II S(V) GLn = Wi +0O _ n , and for any reductive 
G C GL n , the structure of S(V) G is governed by Wi +00 _ n in the sense that S(V) G decom- 
poses as a direct sum of irreducible, highest-weight Wi +00i _ n -modules. Using this decom- 
position together the description of Wi +00 _ n as a W-algebra of type W(l, 2,3,..., n 2 +2n), 
we showed that S(V) G is strongly finitely generated. 

For an arbitrary reductive group G of automorphisms of S(V), the structure of S(V) G is 
governed by V_ n rather than Wi+oo-n/ since G C Sp2 n - It is easy to show using (|1.2|) that 
S(V) G decomposes as a direct sum of irreducible, highest-weight V_„-modules. Using our 
result that V_„ is a W-algebra of type W(2, 4, 6, . . . , 2n 2 + An), we will show that S(V) G 
is strongly finitely generated. Our proof is essentially constructive, and it completes the 
study initiated in [LIIJ of the invariant subalgebras of the /37-system. 



2. Vertex algebras 



In this section, we define vertex algebras, which have been discussed from various 
different points of view in the literature IBI iroZIIFHniFEMi ng iLlIIIEZI . We will follow 
the formalism developed in [LZJ and partly in |LiIl - Let V — Vq © V\ be a super vector 
space over C, and let z, w be formal variables. By QO(V), we mean the space of all linear 
maps 

V -»■ V((z)) := {^vinjz-^^vin) G V, v{n) = f or n » 0}. 

Each element a e QO(V) can be uniquely represented as a power series 

a = a {z) := ^ a(n)^"- 1 G End(^) [[z, z' 1 ]] . 
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We refer to a(n) as the nth Fourier mode of a(z). Each a E QO(V) is of the shape a = a +ai 
where a* : Vj — > Vi+j((z)) for i,j E Z/2Z, and we write |ai| = i. 

On QO(V) there is a set of nonassociative bilinear operations o n , indexed by n E Z, 
which we call the nth circle products. For homogeneous a,b E QO( V), they are defined 
by 

a(w) o n b(w) = Res z a(z)b(w) i|,|>|«|(z - w) n - (-l) |cl||b| Res z b(w)a(z) t\ w \>\ z \{z - w) n . 

Here t| z |>| m |/ (z, w) E C[[z, z' 1 , w, w^ 1 }} denotes the power series expansion of a rational 
function / in the region \z\ > \w\. We usually omit the symbol t| z |>| w | and just write 
(z — w)^ 1 to mean the expansion in the region \z\ > \w\, and write — (w — z)^ 1 to mean the 
expansion in \w\ > \z\. It is easy to check that a(w) o n b(w) above is a well-defined element 
ofQOOO. 

The nonnegative circle products are connected through the operator product expansion 
(OPE) formula. For a,b E QO( V), we have 

(2.1) a(z)b(w) = a ( w ) °n b{w) ( z ~ wy n - x + : a(z)b(w) : , 

n>0 

which is often written as a(z)b(w) ~ Yl n >o a ( w ) °n K w ) ( z ~~ w)~ n ~ l , where ~ means equal 
modulo the term 

: a{z)b{w) : = a(z)_b(w) + (-l) |a||6| 6(w)a(z)+. 

Here a(z)_ = Yl n <o a ( n ) z ~ n 1 an d a ( z )+ — J2 n >o a ( n ) z ~ n l - Note that : a(w)b(w) : is a 
well-defined element of QO(V). It is called the ~Wick product of a and b, and it coincides 
with a o_ x b. The other negative circle products are related to this by 

n! a(z) o_ n _! b{z) = : (d n a(z))b(z) : , 

where d denotes the formal differentiation operator j-. For a\{z),. . ., a k (z) E QO(V), the 
A;-fold iterated Wick product is defined to be 

(2.2) : a 1 (z)a 2 (z) ■ ■ ■ a k (z) : = : ai(z)b(z) : , 

where b(z) = : a 2 (z) ■ ■ ■ a^{z) : . We often omit the formal variable z when no confusion 
can arise. 

The set QO(V) is a nonassociative algebra with the operations o n , which satisfy 1 o„ 
a = 8 n -\a for all n, and a o n 1 = 8 n -\a for n > —1. In particular, 1 behaves as a unit 
with respect to o_ lt A linear subspace A C QO(V) containing 1 which is closed under 
the circle products will be called a quantum operator algebra (QOA). Note that A is closed 
under d since da = a o_ 2 1. Many formal algebraic notions are immediately clear: a 
homomorphism is just a linear map that sends 1 to 1 and preserves all circle products; 
a module over A is a vector space M equipped with a homomorphism A — > QO(M), 
etc. A subset S = {a,i\ i E 1} of A is said to generate A if every element a E A can be 
written as a linear combination of nonassociative words in the letters a,, o n , for i E I 
and n E 7h. We say that S strongly generates A if every a E A can be written as a linear 
combination of words in the letters a ir o n for n < 0. Equivalently, A is spanned by the 
collection {: d kl a h (z) ■ ■ ■ d km a im (z) : \ i x , . . . , i m E I, h, . . . , k m > 0}. 

We say that a,b E QO(V) quantum commute if (z — w) N [a(z), b(w)] = for some N > 0. 
Here [, ] denotes the super bracket. This condition implies that a o n b = for n > N , 
so (|2.1|) becomes a finite sum. A commutative quantum operator algebra (CQOA) is a QOA 
whose elements pairwise quantum commute. Finally, the notion of a CQOA is equivalent 
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to the notion of a vertex algebra. Every CQOA A is itself a faithful .4-module, called the 
left regular module. Define 

p:A^QO{A), a^a, a(C)b = J^(a o n b) C~ n_1 . 

Then p is an infective QOA homomorphism, and the quadruple of structures (A, p, 1, <9) 
is a vertex algebra in the sense of HFLM1 . Conversely, if (V, Y, 1, D) is a vertex algebra, the 
collection F(V) C QO(X / ) is a CQOA. We wz'ZZ refer to a CQOA simply as a vertex algebra 
throughout the rest of this paper. 

3. Category TZ 

Let TZ be the category of vertex algebras A equipped with a Z> -filtration 

(3.1) .4(0) C A {1) c A {2) C • • • , A = |J -4 (fc) 

fc>0 

such that .A(o) = C, and for all a G A(k), b G «4(j), we have 

(3.2) ao n be A(k+i), for n< 0, 

(3.3) ao n b e A^+i-i), for n > 0. 
Elements a(z) G .4(<z) \ ^4(d-i) are said to have degree d. 

Filtrations on vertex algebras satisfying (|3.2|) - (|3.3|) were introduced in [Lill], and are 
known as good increasing filtrations. Setting A(-\) = {0}, the associated graded object 
gr(.4) = fe>o A(k) I A(k-i) is a Z> -graded associative, (super)commutative algebra with 
a unit 1 under a product induced by the Wick product on A. In general, there is no natural 
linear map A — > gr(^4), but for each r > 1 we have the projection 

(3.4) r : A {r ) ->• A(r)/A {r -x) C gr(^l). 

Moreover, gr(^4) has a derivation d of degree zero (induced by the operator d = on A), 
and for each a G A(d) and n > 0, the operator ao n on A induces a derivation of degree 
d — k on gr(*4), which we denote by a(n). Here 

/c = sup{j > 1| A( r ) o n .4( s) C ^4( r+s _y), Vr, s,n > 0}, 

as in IlLn. Finally, these derivations give gr(^4) the structure of a vertex Poisson algebra. 

The assignment A i-> gr(^4) is a functor from TZ to the category of Z> -graded (su- 
per)commutative rings with a differential d of degree 0, which we will call <9-rings. A 
(9-ring is the same thing as an abelian vertex algebra, that is, a vertex algebra V in which 
[a(z), b(w)] = for all a, b G V. A <9-ring A is said to be generated by a subset {a,| i G /} 
if {d k <2i \ % G J, k > 0} generates A as a graded ring. The key feature of 7£ is the following 
reconstruction property IILL1 : 

Lemma 3.1. Let Abe a vertex algebra in TZ and let {a.i\ i G /} be a set of generators for gr(A) 
as a d-ring, where a,i is homogeneous of degree di. Ifai(z) G Au^ are vertex operators such that 
4> di (ai(z)) = a ir then A is strongly generated as a vertex algebra by {di{z) \ i G /}. 

As shown in IlLlI , there is a similar reconstruction property for kernels of surjective 
morphisms in TZ. Let / : A — > B be a morphism in TZ with kernel J , such that / maps 
A{k) onto £>( fc ) for all k > 0. The kernel J of the induced map gr(/) : gr(.4) — > gr(i3) is 
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a homogeneous <9-ideal (i.e., d J C J). A set {a»| i G /} such that a« is homogeneous of 
degree di is said to generate J as a <9-ideal if {d k di\ i G I, > 0} generates J as an ideal. 

Lemma 3.2. Lef {a^? G 1} be a generating set for J as a d-ideal, where is homogeneous 
of degree d^ Then there exist vertex operators a^z) G A^) with $ di {a i ( K z)) = a ir such that 
{a>i(z) \ i G /} generates J as a vertex algebra ideal. 

4. The vertex algebra Wi +00jC 

Let V be the Lie algebra of regular differential operators on the circle, with coordinate 
t. A standard basis for V is 

j[ = -t l+k (d t ) 1 , kez, l g z> , 
where d t = 4. V has a 2-cocycle given by 

(4.1) *f/(*)(^) m ^(*)W) = / „ Res t=0 / (n+1) (t)gM(0^, 

\ / (m + n + 1)! 

and a corresponding central extension X? = I? © Cre, which was first studied by Kac- 
Peterson in IIKP1 . V has a Z-grading V = jeZ X>j by weight, given by 

wt(4) = k, wt(«) = 0, 

and a triangular decomposition X> = T> + © £> © X>_, where P± = Jg±N Vj and £> = 
X?o © Cac. For a fixed c G C and A G Pq, define the Verma module with central charge c 
over £> by 

M C (V,X) = U(V) ® u(Po(S i, +) C A , 

where Ca is the one-dimensional T> © X? + -module on which k acts by multiplication by 
c and h e V acts by multiplication by X(h), and X? + acts by zero. Let V be the parabolic 
subalgebra of V consisting of differential operators which extend to all of C, which has 
a basis {J l k \ I > 0, I + k > 0}. The cocycle \l/ vanishes on V, so V may be regarded as a 
subalgebra of V, and V © V + c P, where V = V ® Ck. The induced ©-module 

M c = /7(P) ©^ C 

is then a quotient of M. C (T>, 0), and is known as the vacuum V-module of central charge c. 
A4 C has the structure of a vertex algebra which is generated by fields 

j\z) = Y,Jb- k - l -\ i>o 

of weight I + 1. The modes J{ represent V on M c , and as in (LTJ, we rewrite these fields 
in the form 

J l {z) = Y,J\k)z- k -\ 

where J l {k) = J l k _ t . In fact, M c is freely generated by {J l (z)\ I > 0}; the set of iterated 
Wick products 

: d h J h (z)---d ir J lr (z) :, 
such that h < • • • < l r and i a < i b if l a = l b , forms a basis for M c . 
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A weight-homogeneous element to G M. c is called a singular vector if J 1 o k u = for all 
k > I > 0. The maximal proper P-submodule X c is the vertex algebra ideal generated by 
all singular vectors w^l, and the unique irreducible quotient M c /X c is often denoted by 
Wi +00iC in the literature. For c ^ Z, M c is irreducible, so Wi +00jC = .M c , but for n£Z, A4 n 
is reducible. For n > 1, Wi +0O ,n is known to be isomorphic to W(Ql n ) with central charge 
[FKRWJ. In [WJ it was shown that Wi+oo,-i is isomorphic to W(gl n ) of central charge 



n 



—2, and in particular has generators in weights 1, 2, 3. This result was generalized in [LI]; 
for all n > 1, Wi +00 - n has a minimal strong generating set consisting of a field in each 
weight 1,2, 3,..., n 2 + 2n. 

5. The vertex algebra V c 

The Lie algebra V has an anti-involution cr+,-1, and the fixed point subalgebra V + has 
generators 

= ~(t k+m {d t ) m + (-l) m+1 (d t ) m t k+m ^, keZ, mel + 2Z> . 

Note that {W^jA; G Z} spans a copy of the Virasoro Lie algebra. We use the same notation 
^ to denote the restriction of the cocycle ^ to V + . Let V + be the corresponding central ex- 
tension of V + , which is clearly a subalgebra of V. Let V + = V fi V + , which is a subalgebra 
of V + since \I/ vanishes on V + . Clearly 

V+ = {W^\m + k>0, keZ, mGl + 2Z> }. 
The induced P + -module 

Mt = U{V + ) ® u(f+) Co 

is known as the vacuum T> + -module of central charge c. has the structure of a vertex 
algebra which is generated by fields 

W m {z) = W™z- k - m -\ m G 1 + 2Z> 

of weight m + 1. The modes W™ represent V + on M.^., and as usual, we rewrite these 
fields in the form 

W m {z) = ^W m {k)z- k -\ 
fcez 

where W m (k) = W™_ m . Clearly is a vertex subalgebra of Ai c , and is freely 
generated by {W m (z) \ m G 1 + 2Z> }; the set of iterated Wick products 

(5.1) : d h W mi {z)---d ir W mr {z) : , 

such that mi < • ■ ■ < m r and i a < % if m a = m^, forms a basis for Ai^. 

Define a filtration 

CM+)(o)C(.M+) (1 )C--- 
on as follows: for k > 0, (M^)^k) is the span of monomials of the form (|5.1[) , for 
r < k, and (A^^)(2fc+i) = (•M^)(2fc)- In particular, each iy m and its derivatives has degree 
2. Equipped with this filtration, lies in the category 1Z, and gr(A^^) is the polynomial 
algebra C[d k W 2m+1 \ k,m > 0]. Each element W 2m+l (k) G V + for k,m > gives rise to a 
derivation of degree zero on gr(A^^) coming from the vertex Poisson algebra structure, 
and this action of V + on gr(M+) is independent of c. 
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Lemma 5.1. For each c 6 C, M.+ is generated as a vertex algebra by W 3 . 

Proof. First, W 1 = -^W 3 o 5 W 3 , so W 1 lies in the subalgebra (W 3 ) generated by W 3 . Next, 
an OPE calculation shows that for all m > 0, 

(5.2) W 3 0l iy 2m+1 = -(2m + 2)W 2m+3 , 

modulo a linear combination of terms of the form Q 2k \y 2m +3-2k f or i<^< m -|-i. it 
follows by induction on m that each W 2m+1 e (I¥ 3 ). □ 

In particular, is a finitely generated vertex algebra. However, M.+ is not strongly 
generated by any finite set of vertex operators. This follows from the fact that gr(.M+) is 
the polynomial algebra with generators d h W 2m+1 for k,m > 0, which implies that there 
are no normally ordered polynomial relations in M.^. A weight-homogeneous element 
uj G is called a singular vector if W 2m+1 o k u = for all m > and > 2m + 1. The max- 
imal proper X> + -submodule X c is the vertex algebra ideal generated by all singular vectors 
w^l, and the Kac-Wang-Yan algebra V c is the unique irreducible quotient M.+ /T c . We 
denote the projection M.+ — > V c by tc c , and we use the notation 

(5.3) w 2m+1 = n c (W 2m+1 ), m > 0, 

in order to distinguish between W m+1 E Ai+ and its image in V c . Clearly V c is generated 
as a vertex algebra by w 3 , but there may now be normally ordered polynomial relations 
among {w 2m+1 \m > 0} and their derivatives. 

Recall that JA* is reducible if and only if c is an integer or a half-integer. In the case 
where c is a positive integer n or a positive half-integer n + 1/2, it follows from Theorems 
14.2 and 14.4 of HKWYI that V n and V n+ i/ 2 are W-algebras of types W(2, 4, 6, . . . , 2n - 2) 
and W(2, 4, 6, ... , 2n), respectively. However, finding a minimal strong generating set for 
V c when c is a negative integer or half-integer is an open problem; see Remark 14.6 of 
IlKWYH . 

6. The case of negative integral central charge 

For each integer n > 1, V n admits a free field realization as the 5p2n-i nv ariant subal- 
gebras of the /37-system S(V) for V = C n , by Corollary 13.1 of |KWY| . This indicates that 
the structure of V „ is deeply connected to the invariant theory of the symplectic group. 
The /37-system S(V), or algebra of chiral differential operators on V, was introduced in 
|FMSJ. It is the unique even vertex algebra with generators f3 x , 7^' for x 6 V, x' e V*, 
which satisfy the OPE relations 

(3 x (z)-f x '(w) ~ (x',^)^-^)- 1 , 7 I '(z)/3 :c (^) ~ -(x',a;)(z-«;)- 1 , 

(6.1) /3 x (z)/3 y H ~ 0, j x ' {z)-f y> {w) ~ 0. 
There is a one-parameter family of conformal structures 

n n 

(6.2) L X = \J2- Xi d-y< : +(A - 1) ^ : dp x ^< : 

i=l i=l 

of central charge n(12A 2 — 12A + 2), under which /3 X and j x> are primary of conformal 
weights A and 1 — A, respectively. Here {xi, . . . , x n } is a basis for V and {x[, . . . ,x' n } is 
the dual basis for V*. For A 7^ |, the group of automorphisms of S(V) preserving L x is 
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GL n , and the vector spaces {/3 x \x G V} and {^ x '\x' G V*} transform as copies of V and 
V*, respectively. For A = \, the group of conformal automorphisms is augmented to Sp 2n , 
which is the full automorphism group of S(V), and {/3 x ,7 x '|x G V, x' G V*} is a copy 
of the standard S^n-module c 2n . For the rest of this paper, S(V) will be equipped with the 
conformal structure Ly 2 . 

There is a basis of S(V) consisting of the normally ordered monomials 

(6.3) : d h (3 Xl ■ ■ ■ d In (5 Xn d Jl ^ ■ ■ ■ d Jn j x '« :, 

In this notation, I k = and Jk = {j\ , ■ • • are lists of integers satisfying 

< i\ < ■ ■ ■ < i k Tk and < j\ < ■ ■ ■ < ] k Sk , and 

Qi k px k = : fifipn . . . g£ k . } QJkrfi, = . Qi1^' k . . . #4 7 4 : . 
We have a Z> -grading 

(6.4) 5(V) = 05(V)M, 

where S(V)^ is spanned by monomials of the form (|6.3|) of total degree d = J2k=i r k + s k- 
Finally we define the filtration S(V)^ = 0f=o «5(V)W. This filtration satisfies (|3.2|) and 
(|3.3|) , and we have 

(6.5) gr(5(V))-Sym0^, 

fc>0 

where Uk is the copy of the standard 2n-dimensional irreducible S/j2n-module spanned 
by {/3fc,7fc'| x G V, x' G V*}. In this notation, /3| and 7 £' are the images of d k (3 x (z) and 
dV'O) in gr(S(V)) under the projection X : <S(V) ( i) -»■ «S(V) ( i)/«S(V) (0 ). 

Theorem 6.1. (Kac-Wang-Yan) There is an isomorphism V_ n — >■ l S(K) 5;P2n given by 

1 n 

(6.6) w m ^ - ^ ( : /3 x *<9 m 7< : - : d m f3 x '~f< : ) , m G 1 + 2Z> . 

i=l 

This map preserves conformal weight and is a morphism in the category 1Z. Since the 
action of Sp2n on S(V) preserves the grading (|6.4|) , V- n is a graded subalgebra of S(V). 
We write 

(6.7) v_ n = 0(V^) (d) , (V_ n ) (d) = V- n n 5(V)W, 

and define the corresponding filtration by (V- n )(d) = 0i=o(V- n )^- 

The identification V_„ = S(V) Sp2n suggests an alternative strong generating set for V_„ 
coming from classical invariant theory. Since the action of Sp 2n on S(V) preserves the 
filtration, we have 

(6.8) gr(V_ n ) = gr(S(V) Sp2 ") 2* gr(S(V)) Sp2 " (Sym0%)* 2 ». 

fc>0 

The generators and relations for (Sym fc>o U k ) Sp2n are given by Weyl'syi'rsf and second 
fundamental theorems of invariant theory for the standard representation of Sp 2n I Wei . 
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Theorem 6.2. (Weyl) For k > 0, let U k be the copy of the standard Sp 2n -modu\e C 2n with 
symplectic basis {x iifc , y i)k \ i = 1, . . . , n}. The invariant ring (Sym A . >O U k ) Sp2n is generated by 
the quadratics 

1 - 

(6.9) q a)b = 2 ( X i^b ~ X i,bVi,a) , < a < b. 

i=l 

For a > b, define g a fe = — g bj0 , and let {Q a ,b\ a, 6 > 0} be commuting indeterminates satisfying 
Qa,b = —Qb, a and no other algebraic relations. The kernel I n of the homomorphism 

(6.10) C[Q a , b ] -> (Sym U k ) Sp ^, Q a , b ^ g a>6 , 

k>0 

is generated by the degree n + 1 Pfaffians pi, which are indexed by lists I = (i , . . . , Z2n+i) of 
integers satisfying 

(6.11) 0<i <---<Wi- 
For n = 1 and I = (i , h,i 2 , h), we have 

and for n > 1 they are defined inductively by 

2n+l 

(6-12) Pl = ^(-l) r+1 q i0 ,i r Pi r , 

r=l 

where I r = (ii, . . . ,i r , . . . , ^n+i) is obtained from I by omitting i and i r . 

Under the identification (|6.8[) , the generators q a>b correspond to strong generators 

1 n 

(6.13) u a , b = - ( : d a ^d b -f< : - : d b p Xi d a j x 'i : ) , < a < b, 

of V_ n , satisfying (f) 2 (io a ,b) = Q a ,b- In this notation, we have 

(6.14) w 2m+1 =u o m+l , m>0. 



Note that the ui a ,b's are not the same as the fields denoted by u a ,b in ||LI|. For each m > 0, 



let A m denote the vector space with basis {oo a ,b\ a + b = m}. For m > 0, we have 

dim(A 2m ) = m, dim(y4 2m+1 ) = m + 1. 
Moreover, d(A m ) C A m+ i, and we have 

(6.15) dim(A 2m+1 /a(A 2m )) = 1, dim(A 2m /9(A 2m _ 1 )) = 0. 
Hence Ai is spanned by w 1 and for m > 0, A 2m+ i has a decomposition 

(6.16) A 2m+1 = 0(A 2m ) © ^ 2m+1 > = d 2 {A 2m _ x ) © ( W 2m+1 >, 

where (w 2m+1 ) is the linear span of w 2m+1 . Similarly, A 2 is spanned by dw 1 and for m > 0, 
^2m+2 has a decomposition 

(6.17) A 2m+2 = d 2 (A 2m ) © (dw 2m+l ) = d\A 2m ^) © (dw 2m+1 ). 

ii 



It is easy to see that {d 2% w 2m+1 ~ 21 1 < % < m} and ^d 2l + 1 w 2m + 1 - 2 ' l \ < i < m} are bases of 
A 2m+ i and A 2m +2, respectively. For a + b = 2m + 1 and c + d = 2m + 2, w aj & G A 2m+i and 
u c ,d G ^2m+2 can be expressed uniquely in the form 

m m 

(6.18) Wa , fe = J2 KdV m+1 - 2i , uj c4 = £ V"* 1 "* 

i=0 i=0 

for constants X^fMi, i = 0, . . . ,m. Hence {d k w 2m+1 \ k,m > 0} and {uJ a ,b\ < a < b} are 
related by a linear change of variables, and it will be convenient to pass back and forth 
between these sets. Using (|6.18|) , which holds in V- n for all n, we can define an alternative 
strong generating set {£l a ,b\ < a < b} for Ait n by the same formula: for a + b = 2m + 1 
and c + d = 2m + 2, 



. t .^2i+l w 2m+l-2i 
i=0 i=0 

Clearly n- n (£la,b) — ^a> We will use the same notation A m to denote the linear span of 
{£l a ,b\ a + b = m}, when no confusion can arise. 

7. The structure of the ideal X_„ 

Recall that the projection 7r_ n : Ait n — > V- n with kernel X_ n sending il ajb \-> tu a ,b is a 
morphism in the category 1Z. Under the identifications 

&(M± n ) = C[Q ajb ], gr(V_ n ) = (Sym0 U k ) s ^ - C[q a , b ]/I n , 

k>0 



gr(7r_ n ) is just the quotient map (|6.10[) . 



Lemma 7.1. For each I = (i , i\, . . . , i^n+x), there exists a unique vertex operator 

(7.1) Pie (A<i n ) (2n+2) nx_ n 
of weight n + 1 + Z^o 1 satisfying 

(7.2) 02n +2 (P/) = Pi- 

TTzese elements generate X_ n as a vertex algebra ideal. 

Proof. Clearly 7r_„ maps each filtered piece (M.t n )(k) onto (V- n )(k)t so t ne hypotheses of 
Lemma 13721 are satisfied. Since I n = Ker(gr(7r_ n )) is generated by the Pfaffians pi, we can 
apply Lemma [3721 to find Pj G (-Mt n )( 2n+2 ) H X_ n satisfying </> 2n+2 (P/) = p/, such that {Pj} 
generates X_„. If P[ also satisfies (|7.2|) , we would have Pi — P' T G (-Mi„)( 2 „) fi X_ n . Since 
there are no relations in V_ n of degree less than 2n + 2, we have Pi — P[ = 0. □ 



Let (P/) denote the vector space with basis {P/} where I satisfies (|6.11|) . We have (P/) 



(A^i n )(2n+2) H X_ n , and clearly (P/) is a module over the Lie algebra V + C T> + generated 
by {W 2m+1 (k) | m, k > 0}, since P + preserves both the filtration on M.* n and the ideal X_ n . 
It will be convenient to work in the basis 

{£l a>b {a + b - w) \ < a < b, a + b-w>0} 

for V + . Note that Q a ,b( a + b — tu) is homogeneous of weight w. The action of V + by 
derivations of degree zero on gr(A4t n ) coming from the vertex Poisson algebra structure 
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is independent of n, and is specified by the action of V + on the generators f^, m . We 
compute 

(7.3) ^a,b(« + b — W)(Cli }m ) = \a,b,w,l(fy+w,m) + ^a,b,w,m(fy,m+v))i 

where 

(7.4) A a & ^ = 



-i) b+i ji +iy - v -(-i) a+i j: +0 M, /+^-a>o 

/ 2((+to— a)! V / 2(i+u>— »)! — 

/ + w - a < 

The action of V + on (Pj) is by "weighted derivation" in the following sense. Given I = 

(i , . . . , i 2n +i) and p = fl a ,b(a + b - w) e V + , we have 

2n+l 

(7.5) P (P / ) = KPir, 

r=0 

for lists l T = (i , . . . , i r -i, i r + w, i r +i, • • • , «2n+i)/ an d constants A r . If i r + w = i s for some 
s = 1, . . . , 2n + 1 we have A r = 0, and otherwise A r = (— l) k \ a ,b,w,i r , where k is the number 
of transpositions required to transform I T into an increasing list, as in (|6.11|) . 

For each n > 1, there is a distinguished element P £ (Pi), defined by 

P = Pi, 1= (0,l,...,2ra + l). 

It is the unique element of Z__ n of minimal weight 2(n + l) 2 , and hence is a singular vector 
in Mt n . 

Theorem 7.2. P generates X_ n as a vertex algebra ideal. 

We need a preliminary result in order to prove this statement. For simplicity of nota- 
tion, we take n — 1, but the result we are going to prove holds for any n. In this case, 
S = S{V) is generated by /3, 7. Recall from (|6.5[) that /3j and jj denote the images of cP/3 
and (9 J 7 in gr(<S), respectively. Let W C gr(<S) be the vector space with basis {fy, 7^ | j > 0}, 
and for each m > 0, let W m be the subspace with basis {(3j, 7 j | < j < m}. Let <fi : W ^ W 
be a linear map of weight w > 1, such that 

(7.6) = Cjpj+yj, 0(7) = CjTj'+u, 

for constants Cj E C. For example, the restriction of w 2k+1 (2k + 1 — w) to W is such a map 

for 2A; + 1 - w > 0. 

Lemma 7.3. Fix w > 1 ant? m > 0, and lei be a linear map satisfying (17.6P . Tben restriction 
4>\ can be expressed uniquely as a linear combination of the operators w 2k+1 (2k + 1 — w)\ w 
for 0< 2k + 1 - w < 2m + 1. 

Proof. Suppose first that w is even, and let kj = j + f , for j = 0, . . . , m. In this notation, 
we need to show that <fi\ w can be expressed uniquely as a linear combination of the 
operators w 2kj+1 (2j + 1) I for j = 0, . . . , m. We calculate 

(7.7) w 2A * +1 (2j + 1)(A) = A , 2fcj+lw (A +u ,), w 2 ^ +1 (2j + l)( 7i ) = \ ,2k 3+ i, w A^+ w ), 
where Aq^+i,™,* is given by (|7.4|) . Let be the (m + 1) x (m + 1) matrix with entries 

= \o,2kj+i,w,i, fo r i,j = 0,-..,m. Let c e C m+1 be the column vector whose transpose 
is (co, • • • , c m ). Given an arbitrary linear combination 

$ = t w 2ko+1 (l) + t lW 2kl+1 (3) + ■■■ + t m w 2km+1 (2m + 1) 
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of the operators w 2kj+1 (2j + 1) for < j < m, let t be the column vector whose transpose 
is (t , • • • , t m ). Note that <p\.., = ip\ u , precisely when M w t = c, so in order to prove the 
claim, it suffices to show that M w is invertible. But this is clear from the fact that each 
2x2 minor 

" M"' M w -, -, 

1,3 i,3+l 

M w M w 
m i+l,j m i+l,j+l 

has positive determinant. Finally, if w is odd, the same argument shows that for kj = 
j + \{w — 1), j = 0, . . . , m, <fi can be expressed uniquely as a linear combination of the 
operators w 2kj + 1 ( 2 j ) . □ 

Since (|7.7[) holds for all n > 1 with fa and 7, replaced with f3f and 7?', it follows that the 
statement of Lemma [73] holds for any n. More precisely, let W C gr(S(V)) be the vector 

space with basis {/3 • % 7^ \i = 1, . . . , n, j > 0}, and let W m C W be the subspace with basis 

{ftp, 7-*|z = 1, . . . , n, < j < m}. Let : — >■ l¥ be a linear map of weight w > 1 taking 

(7-8) ^^ c .^ +wi 7 J^ c . 7 J w) / 1 „. 

where Cj is independent of i. Then 0| can be expressed uniquely as a linear combina- 
tion of w 2k+1 (2k + 1 - w)L, for < 2A; + 1 - to < 2m + 1. 

I w m 

Proo/ of Theorem U72\ Since X_ n is generated by (Pj) as a vertex algebra ideal, it suffices to 
show that {Pi) is generated by P as a module over P + . Let X'_ n denote the ideal in Mt n 
generated by P , and let (Pi) [k], l_ n [k], and X'_ n [k] denote the homogeneous subspaces of 
weight k. Note that these spaces are all trivial for k < 2{n + l) 2 , and all are spanned by P 

for k = 2(n + l) 2 . 

We proceed by induction on k for k > 2(n + l) 2 , so assume that Z_ n [m — 1] = Zi n [m — 1]. 

Fix/ = (io,ii, ■ ■ ■ ,hn+i) such that Pj has weight m = ^ + l + X]fc=o Since m > 2(n + l) 2 , 
there is some A; for which ifc > Let A; be the first element where this happens, and let 
V = (i Q , . ifc-1, i k+1 , ...,i 2 n+i)- Since i k -i = k-1, wehavei fc -l > i k -i,soPv ^ 0. 

By Lemma |73l we can find p G V + such that 

where c r = 1 for r = i k — 1 and c r = for all other r < «2n+i- It is immediate from the 
weighted derivation property (|7.5[) that p(Pp) = Pi- Therefore Pi G X'_ n . □ 



8. Normal ordering and quantum corrections 

Given a homogeneous polynomial p G gr(Mt n ) = C[Q a ,b\ of degree k in the variables 
Q a ,b, a normal ordering of p will be a choice of normally ordered polynomial P G ( M. t n ) (2k), 
obtained by replacing Q a>b by fi a fe , and replacing ordinary products with iterated Wick 
products of the form (|2.2|) . Of course P is not unique, but for any choice of P we have 
4>2k(P) = P- For the rest of this section, P 2k , E 2k , F 2k , etc., will denote elements of 
(Ali n )(2fc) which are homogeneous, normally ordered polynomials of degree k in the ver- 
tex operators fi ajb . 

Let p 2n+2 e (A^^„)(2n+2) be some normal ordering of pi, so that 02n+2(P/ n+2 ) = Then 

7T_„(P / 2 " +2 ) G (V_ n ) (2n) , 
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and 4>2n{^-n{Pi n+2 )) g gr(V_„) can be expressed uniquely as a polynomial of degree n in 
the variables q a ^. Choose some normal ordering of the corresponding polynomial in the 
variables VL a:b , and call this vertex operator —P 2n . Then P 7 2ri+2 + p 2n has the property that 

02n +2 (Pf +2 + Pf n ) = Pi, 7T- n (P? n+2 + Pf ) G (V_ n ) (2n _ 2) . 

Continuing this process, we arrive at a vertex operator Y^k=i P i k ^ n ^ ne kernel of 7r_ n , such 
that <p2n+2{Ylk=i P?) = Pi- Lemma 1731 must have 

n+1 



(8.1) P I = J2 p t k - 



k=l 



In this decomposition, the term P 2 lies in the space A m spanned by {£l a ,b\ a + b = m}, for 
m = n + X)a=o ia- By (|6.16|) , for all odd integers m > 1 we have a natural projection 

pr m : A m -> (W™)- 

For all / = (io, ii, • • • , «2n+i) such that m = n + XL=o ^ a * s °dd, define the remainder 
(8-2) P / = pr m (P / 2 ). 

Lemma 8.1. Fix Pi G X_„ with I = (i ,ix, . . . , Z2n+i) m = n + ^a=o X *a flS fl ^ oue - 
Suppose that P/ = J^ii -P/ 2fc fl^d Pj = J2k=i P f k are ^ wo different decompositions of Pi of the 
form (I8.1P . Then 

P 2 -P 2 ed 2 {A m _ 2 ). 
In particular, Rj is independent of the choice of decomposition of Pi. 

Proof. Since Mt n is a vertex subalgebra of M.- n and the generators of Mt n are linear 
combinations of the generators of M_„ and their derivatives, this is an immediate conse- 
quence of Lemma 4.7 of |LIf . □ 

Lemma 8.2. Let R denote the remainder of the element P . The condition R ^ is equivalent 
to the existence of a decoupling relation in V_ n of the form 

(8.3) w 2n>+An+l = ^ ^ _ ? ^+4^-1^ 

where Q z's a normally ordered polynomial in w 1 , w 3 , w 5 , . . . , w 2n2 + 4n ~ 1 and their derivatives. 



Proof. Let P = Y2t\ p o k be a decomposition of P of the form <8J). If i? 7^ 0, we have 



p 2 = \w 2n2+M + d 2 u for some A ^ and u G A 2n a +4n _ 1 . Since P has weight 2(n + l) 5 
and Pq fc has degree A; in the variables W 2m+1 and their derivatives, P$ k must depend only 
on W\ W 3 , W 5 , . . . , ty 2 ™^ 4 "- 1 and their derivatives, for 2 < k < n + 1. It follows that ±P 
has the form 

(8.4) ^2n2 + 4n+l _ QQpl^ jy* . • • , y^+4n-l)_ 

Applying the projection 7r_ n : -Mi n — >■ V_ n yields the result, since 7r_ n (P ) = 0. The 
converse follows from the fact that Pq is the unique element of Z_„ of weight 2(n + l) 2 , up 
to scalar multiples. □ 

Lemma 8.3. Suppose that R ^ 0. Then there exist higher decoupling relations 

(8.5) w 2m+1 = Q m (w\ w 3 , w 5 ,... } W 2n2+An - 1 ) 

15 



for all m > n 2 + 2n, where Q m is a normally ordered polynomial in w 1 , w 3 , w 5 , . . . , w 2n + 4n - 1 / 
and their derivatives. It follows that {w 1 , w 3 , w 5 , . . . , W 2n2 + An ~ 1 } j s a minimal strong generating 
set for V_ n . 

Proof. It suffices to find elements 

W 2m+1 - Q m (W\ W 3 , W 5 ,..., W 2n2 ^ l ~ X ) E X_ n , 

so we assume inductively that Qi exists for n 2 + 2n < I < m. Choose a decomposition 

d 



Qm-1 ^ ^ Qm—li 



k=l 



where Q^-i is a homogeneous normally ordered polynomial of degree k in the vertex 
operators W 1 , W 3 , W 5 , . . . , p^ 2n2 + 4n - 1 a nd their derivatives. In particular, 



n 2 +2n-l 

^2m-2i-2Ti/2i+l 



i=0 



for constants c , . . . , c n 2 +2n -i- We apply the operator W 3 o 1 e V + , which raises the weight 
by two. By (|5.2[) , we have 

rn 

W 3 o x W 2m ~ l = -2mW 2m+1 + \ k d 2k W 2m+l - 2k , 

k=l 

for constants Since Qi exists for n 2 + 2n < I < m, whenever 2m + 1 — 2k > 2n 2 + in — 1, 
we can use the element 

g2k ^2m+l-2fc _ Q mk (W\ W 3 , W 5 ,..., W 2n2+4n - l )^j E l- n 

to express Q 2k w 2m + 1 - 2k as a normally ordered polynomial in W 1 , W 3 , W 5 , . . . , w 2n,2+4n ~ 1 
and their derivatives, modulo X_ n . 

Moreover, W 3 o x ( Ylt=i Qm-i) can expressed in the form J2k=i E 2k > where each E 2k 
is a normally ordered polynomial in W 1 , W 3 , W 5 , . . . , \y 2n2 + 4n + 1 and their derivatives. If 
W 2n + 4n+1 or its derivatives appear in E 2k , we can use the element (|8.4|) inX_ n to eliminate 
W 2n +in+l and any of its derivatives, modulo X n . Hence 

^ 3 °i(XX fe -i) 

k=l 

can be expressed modulo X_ n in the form Ylt=i F 2k , where d' > d, and F 2k is a normally 
ordered polynomial in W 1 , W 3 , W 5 , . . . , W 2n + 4n_1 and their derivatives. It follows that 

-^-W 3 o x (w 2m - 1 - Q m -i(W\ W 3 , W 5 ,..., w 2 ^^' 1 ) 



2m 

can be expressed as an element of X n of the desired form. □ 
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9. A CLOSED FORMULA FOR Rj 



We shall find a closed formula for i?/ for any I = (z , ii, . . . , ^n+i) such that wt(Pj) = 
n + 1 + Xla^o 1 ^ s even / an d it "vvill be clear from our formula that R ^ 0. We introduce 
the notation 

2n+l 

(9.1) Rj = R n (I)W m , m = n+J2^a 

a=0 

so that R n (I) denotes the coefficient of W m in pr m (P J 2 ). For n = 1 and J = (z , Z2, k) the 
following formula is easy to obtain using the fact pr (fi a ,&) = (— l) m W m for m = a + b. 



1 Z('_iy0+i2 _ (1 N \2io+H+«2 _ f_1"\io+«3 _|_ (_1 ^210+11+13 

(9.2) Px(J) = -J 1 J 



4 V 1 + io + ii 

.(_\"yo+h _|_ f_]_^2io-Hi+»2 _|_ ^_]^*0+«3 _ ^_]^2io+i 2 +i3 



1 


l + iQ + i 2 






(_;Q*o-Ki — 




+ (" 


_^2i +'t2 + i3 




1 + io + k 










11+13 


_)_ ^_^*2+«3 


+ — 


1 + zi + i 2 






| (-l) <1+ia + 


^_^«0+2n+«3 _ ^_]_M2+*3 


-(- 


_]^*0+n+2«3 




1 + i\ + k 






: -(-!)«+*» + 


f_]Vl+»3 _ ^_]_^'0+2i2+i3 


+ (- 


_^«0+«2+2i3 \ 


1 + *2 + k J 



Before we can find a closed formula for R n (I) for all n, we will find a recursive formula 
for R n (I) in terms of the expressions i? n _i(J), so we will assume that P n _i(J) has been 
defined for all J. Recall first that S(V) is a graded algebra with Z> grading (|6.4[) , which 
specifies a linear isomorphism 



S(K)^Sym0f4, f4 = C 2 



i2n 

L/Jfc, L7fc = ^ 

fc>0 

Since V_„ is a graded subalgebra of S(V), we obtain an isomorphism of graded vector 
spaces 

(9.3) %. n : V. n -> (Sym f/ fc ) 5p2 '\ 

fc>0 

Let p G (Sym fe>o Uk) Sp2n be a homogeneous polynomial of degree 2(i, and let / = 
(z'_ n ) _1 (p) G (V- n )( 2d ) be the corresponding homogeneous vertex operator. Let F G 
(A / ll n )(2d) be a vertex operator satisfying 7r_„(F) = /, where 7r_ n : -Mt n — >■ V_„ is the 
projection. We can write F = J2t=i F 2k ' where F 2k is a normally ordered polynomial of 
degree k in the vertex operators £l a ,b- 
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Next, let V be the vector space C n+1 , and let 

q a>b G (Sym0£4) s ^+ 2 = gr(S(V) s ^) gr(V_„_i) 



fe>0 



be the generator given by (|6.9|) , where Uk — C 2n+2 . Let p be the polynomial of degree 2d 
obtained from p by replacing each q ayb with g a>b , and let / = («- n -i) _1 (]5) G (V_„_i)( 2a! ) be 
the corresponding homogeneous vertex operator. Finally, let F 2k G /A"t n _ t be the vertex 
operator obtained from F 2k by replacing each f2 a> & with the corresponding vertex operator 

fi a ,& G Ml n _ l7 and let F = ^ti p2k - 

Lemma 9.1. Fz'x n > 1, and Zef Pj be an element ofl- n given by Lemma [7TTI TTzere exzsfs a 
decomposition Pi = Y^k=i p i k °f the form j8.1) such that the corresponding vertex operator 



n+l 



k=l 



has the property that 7r_ n _i(Pj) lies in the homogeneous subspace (V_„_i) (2n+2) of degree 2n + 2. 



Proof. The argument is the same as the proof of Corollary 4.14 of |LIf, and is omitted. □ 



Recall that the Pfaffian pi has an expansion 

2n+l 

~~ ' 1 'ha. i, I'l, ■ 



Pi = 5^(-l) r+1 %o,vP/, 



r=l 



where I r = (ii, . . . , i r , . . . , i2 n +i) is obtained from I by omitting i and i r . Let P Ir G Mt n+ i 
be the vertex operator corresponding to p Ir . By Lemma [97TT there exists a decomposition 

n 

1=1 

such that the corresponding element Pj r = Ym=i Pil e ^-n nas ^ ne property that n_ n (P Ir ) 
lies in the homogeneous subspace (V_„)^ 2n ^ of degree 2n. We have 

2n+l 2n+l n 

(9-4) £ (-l)^ 1 : n i0 , ir P Ir : = £ : fl^P? : . 

r=l r=l i=l 



The right hand side of (|9.4[) consists of normally ordered monomials of degree at least 
2 in the vertex operators fi a>6/ and hence contributes nothing to R n (I)- Since 7r_ n (P/ r ) is 
homogeneous of degree 2n, rr_ n (: Vl i()tir Pi r :) consists of a piece of degree 2n + 2 and a 
piece of degree 2n coming from all double contractions of fi io j r with terms in P Ir , which 
lower the degree by two. The component of 



■ 2n+l 

\r+l . 



£(-' 

r=l 



vr_ n > . : o i0 , P, • £V_» 
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in degree 2n + 2 must cancel since this sum corresponds to the classical Pfaffian pj, which 
is a relation among the variables q a ,b- The component of : Vt io ^ r P Ir : in degree 2n is 

(9 ' 5 > ^^((-^E-^TT + t-^E-^TT 

x a a 

In this notation, for a e {i , . . . , i2n+i}\{io, «V}/ ^r,a is obtained from J r = . . . , i r , . . . , t2n+i] 
by replacing i a with i a + i + i r + 1. It follows that 

(2n+l x , 2n+l v 

Ec-ir 1 :^,^ : ) =7r_ n ( ^(-ir +i 5 r . 
r =l / V r=1 / 

Combining (|9.4[) and (|9.6|) , we can regard 

2n+l n n 
r=l 1=1 r=0 

as a decomposition of Pj of the form P/ = £fc=i -fj fc where the leading term p 2n+2 = 
£j!!j 1 (-l) r+1 : ttio,i r Pi, n 11 follows that #i»0O is the negative of the sum of the terms 
Rn-i(J) corresponding to each Pj appearing in £SJ 1 (- 1 ) r+l5 r. We obtain the following 
recursive formula: 



(9.7, fl „ w = -I £ ( _ir ■ ((-D* E ^ti + +1 S Mtt) ■ 

r=l x a a ' 

To find a closed formula for R n (I), we begin with the case n = 1. It follows from (|9.2|) 
that Pi(/) = unless / = (io>*i>«2>*3) contains two even and two odd elements. By 
permuting z , ii, i 2 , h if necessary we may assume that if. = k mod 2. In this case, (|9.2|) 
simplifies as follows: 



( 9 g) Pl(/)- ( 2 + ^ +«1 +«2 + ^)(^0 -«2)(«1 -i 3 ) 



1 + i Q + h)(l + h + i 2 )(l + z + z 3 )(l + «2 + i 3 ) 



It is clear by induction on n that P„(J) = unless I — (i , . . . , Z2n+i) is "balanced" in the 
sense that it has n + 1 even elements and n + 1 odd elements. From now on, we assume 
this is the case, and we change our notation slightly. We write J = (zo,jo, • • • , in,jn), 
where i ,...,i n are even and j , . . . , j n are odd. For later use, we record one more obvious 
symmetry: for I = (i 0) j , H, ji, • • • , i w jn) with i„, . . . , i„ even and j , • • • jn odd, we have 

(9.9) P n (J) = (-ir +1 P n (/'), /' = Vo,i ,ji,ii,...,j n ,i n )- 

Fix / = (i ,io,«i,ii, • • .,i n -i,jn-i) with i ,zi, . . . ,i n -i even and j ,ji, . . .,j n -i odd. For 
each even integer x > 0, set 4 = (i ,jo, «i, ji, • • • , i n -i, jn-i, ar, x + 1). We regard P n (4) as 
a rational function of x. By applying the recursive formula (|9.7[) times, we can express 
Rn(I x ) as a linear combination of terms of the form R m (K) where m = n — k and K = 
(k , ki,..., k 2m+ i). Each entry of K is a constant plus a linear combination of entries from 
I x , and at most two entries of K depend on x. Let V m denote the vector space spanned 
by elements R m (K) with these properties. Using (|9.7[) , we can express R m (K) as a linear 
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combination of elements in V m -\. A term R m ^\{K Tta ) in this decomposition will be called 
x-active if either k , k r/ or k a depends on x. Define linear maps 

(9.10) f m :V m ^ V m -1) 9m'- 

as follows: f m (R m (K)) is the sum of the terms which are not a;-active, and g m (R m (K)) is 
the sum of the terms which are a:-active. Finally, define the constant term map 

(9.11) h m : V m -> Q, h m (Rm(K)) = lim R m {K). 



x—^oo 



(9-13) K^{g n {R n {I x ))) = -—— r —R n _ l {I). 



Lemma 9.2. For all n > 2, and all I = (i , jo,i±, j±, . . . , i n -i,j n -i) with i , . . . , i n _i even and 
jo, ... , odd, we have 

71 

(9-12) h n (R n (I x )) = — — r Rn-i(I)- 

n + 2^k=0 l h + Jk 

Proof. For n = 2 this is an easy calculation, so we may proceed by induction on n. In fact, 
it will be convenient to prove the following auxiliary formula at the same time: 

1 

n + Efc=0 l * + 3k 

For n = 2 this can be checked by direct calculation, so we assume both (|9.12[) and (|9.13|) 
for n — 1. Each term appearing in f n (R n (I x )) is of the form 

2n-3 n-1 

i?„_i(iT), if = (fc , fci, . . . , k 2n -3,x,x + 1), n- 1+ h = n+) j i k + jk- 

By our inductive hypothesis that (|9.12[) holds for n — 1, we have 

n — 1 

n + l^k=0 % k + Jk 

Next, it is easy to check that 

K~2{gn-l{fn{Rn{Ix)))) = h n - 2 (f n -l(g n (Rn(I x )))). 

Also, we have 

g n -i(gn(Rn{lx))) = o, 
since all terms in this expression cancel pairwise. Therefore 

/in-l(5 , n(i?n(4))) = h n - 2 (f n -l(g n (Rn(I x )))) + K_ 2 {gn-l{gn{Rn{Ix)))) 
= K-2{fn-l{gn{Rn{Ix)))) = K~2{g n -l{fn{Rn{h))))- 

Moreover, by applying the induction hypothesis that (|9.13|) holds for n — 1, it follows that 

1 

n + 2^k=0 i k+ Jk 

Since h n (R n (I x ) = h n _i(f n (R n (I x ))) + h n -i(g n (R n (I x ))), the claim follows from (19.141) and 
(f9T5l> . □ 



(9-14) K.^URnih))) = ^ n _ x , . Rn-l{I)- 



(9.15) h n ^{g n {R n {Ix))) = K-2{gn-l{fn{Rn{I X )))) = , ^ w _x , , , Rn-l(I)- 



Theorem 9.3. Suppose that I = (io,jo,H,ji, ■ ■ ■ ,i n ,jn) is a list of nonnegative integers such 
that i 0} . . . ,i n are even and j , . . . , j n are odd, as above. Then the following closed formula holds: 

n\(n + l + J2 n k=0 *k +Jk)( llo<fc<Kn(^ - *i)0"* - 3i) 
(9.16) R n (I) = — n n Zv 

1 lo<fc<n, 0<l<n\ ' k < Jl) 
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Proof. As we shall see, this formula is more or less forced upon us by the symmetries of 
the Pfaffians, which are inherited by the numbers R n {I)- We assume that (|9.16|) holds for 
n — 1 and all K = (k , l , ki, h,..., fc n -i, l n -i) with hi even and U odd, and we proceed 
by induction on n. In particular, each term of the form R n _i(K) is a rational function 
in the entries of K, where the denominator has degree n 2 and the numerator has degree 



n 2 — n 



1. Hence the total degree of R n ^i(K) is — n + 1. 



Using (|9.7[) , we may expand R n (I) as a rational function of io,jo, • • • , i n , j n - Each 
term appearing in (|9.7[) has degree — n, so R n (I) has degree at most — n. The denominator 
of each such term is clearly a product of factors of the form 

l + ik+ji, l + ik + ih 1+jk+ju 2 + i + i k + i h 2 + i + j k + i h 2 + i + j k + j h 

As a rational function of i , jo, h,ji, • • • , i n , Jn/ the denominator of R n (I) is therefore the 
product of a subset of these terms. Moreover, R n (I) has the following symmetry; for 
every interchange of i k and iy we pick up a sign, and for every interchange of j k and ji 
we pick up a sign. These permutations must have the effect of permuting the factors in 
the denominator up to a sign, and permuting the factors of the numerator up to a sign. 

From this symmetry, it is clear that none of the expressions 

2 + i + i k + ii, 2 + i +j k + ii, 2 + i + j k + ji 

can appear. Moreover, each term i? n _i(/ r a ) appearing in (|9.7[) with i a and i r both even 
must vanish, since J r a will then contain n — 2 even elements and n + 2 odd elements. 
Hence none of the factors 1 + i k + ii can appear in the denominator of R n (I)- By (|9.9|) , the 
factors 1+ jk+ji also cannot appear, so the denominator of R n (I) can contain only a subset 
of expressions of the form 1 + i k + ji. By symmetry, it must contain all such expressions, 
so the denominator is precisely 

n (i+ifc+ii), 

0<fc<n, 0<Kn 

and therefore has leading degree (n + l) 2 . Since R n (I) picks up a sign under permutation 
of i k and %i, and under permutation of j k and j;, the numerator must be divisible by 

IJ (ik-ii)(jk-ji), 

0<k<l<n 

which is homogeneous of degree n 2 + n. Since the denominator has degree (n + l) 2 , the 
total degree of R n (I) is at least — n — 1. 

We have already seen that the total degree of R n (I) is at most — n, so there is room for at 
most one more linear factor in the numerator. By symmetry, this factor must be invariant 
under all permutations of zq, . . . , i n and all permutations of j , ■ ■ ■ , j n , so it is of the form 



^ k=0 ' ^ fc=0 ' 



where a n ,b n , c n are constants which depend on n but not on /. The additional symmetry 
(|9.9[) shows that a n = b n , so this can be rewritten in the form 



^ fc=0 ' 
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In order to complete the proof of Theorem 19.31 it suffices to show that 
(9.17) a n = n\, c n = (n + l)\. 

By our inductive assumption, a n _i = (n — 1)!. Fix K = (k , l , ki, h,..., k n -i, l n -i) with 
k r even and l r odd. As in Lemma [9721 , for each even integer x > 0, set 

K x = (ko, lo, ki, li, . . . , k n -i, l n -i,x, x + 1). 

The highest power of x appearing in the numerator of R n (K x ) is x 2n+1 , and the coefficient 
of x 2n+1 in the numerator is 

2fln | J (kr ks){l r lg). 

0<r<s<n 

Similarly, the highest power of x appearing in the denominator of R n (K x ) is also x 2n+1 , 
and the coefficient of x 2n+l is 

2 n (i+k r +i s ). 

0<r<n, 0<s<n 



Therefore 

h n (R n (K x )) = lim R n {K 



a n Tlo<r<s<n(kr k s )(l r l s ) 



Ylo<r<n, 0<s<n(^ + + h) 

By our inductive assumption, we have 



n - l)!(n + fc r + Z r ) IIo<r< s <n( fc r - k s )(l r - l 8 ) 



Rn-l(K) 



Ylo<r<n, 0<s<n(l + + 

Therefore by (|9.12|) , we have 



h n (R n (K x )) 



n \(n- l)\(n + YT r =l k r + U) il <r< s <n(^ - k *)( l r - O 



,U + J2r=0 k r + IrJ I\o<r<n, 0<s<n( 1 + K + h) 

This proves that a n — n\. 

Finally, we need to show that c n = (n+1)!. Let / = (i , joi hi hi ■ ■ ■ i *n> in) as above. Since 
a n = n\, it suffices to show that the numerator of R n (I) is divisible by n + 1 + J2k=o ^ k + 
But this is clear from (|9.7[) , since by inductive assumption, the numerator of each term of 
the form R n ~i(Ir,a) is divisible by n + 1 + Ylk=o h + Jfc- D 

Theorem 9.4. For all n > 1, V_ n has a minimal strong generating set {w 1 , w 3 , w 5 , . . . , w 2n2 + in - l ^ / 
and is therefore a W-algebra of type W(2, 4, 6, ... , 2n 2 + An). 

Proof. Specializing (|9.16|) to the case / = (0, 1, . . . , 2n + 1) yields 



2 



Rn{1) = W)(n + l) 2 n < k<l < n (k-l) 

Ilo<fc<n, 0</<n( 1 + k + l) 

In particular, R = R n (I)W 2n2+An+l ^ 0, so the claim follows from Lemma lO □ 
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10. Representation theory of V_ 



The basic tool in studying the representation theory of vertex algebras is the Zhu functor, 
which was introduced by Zhu in 0. Given a vertex algebra W with weight grading 
W = ngZ W n , this functor attaches to W an associative algebra A(W), together with a 
surjective linear map nzhu '■ VV — > A(W). For a G W m and b G W, define 



and extend * by linearity to a bilinear operation W <S> W — > W. Let O(W) denote the 
subspace of W spanned by elements of the form 



where a G W m/ and let A(W) be the quotient W/0(W), with projection 7r Z hu : W -)> A(W). 
Then O(W) is a two-sided ideal in W under the product *, and (A(W), *) is a unital, 
associative algebra. The assignment W !->■ A(W) is functorial, and if X is a vertex algebra 
ideal of W, we have A(W/Z) = A(W)/I, where / = 7r Z hu(X). A well-known formula 
asserts that for all a G W m and 6 G W, 

(10.3) a*b -b* a = Res 2 (l + z) m - l a(z)b modO(W). 

A Z> -graded module M = n>o M n over W is called admissible if for every a G W m , 
a(n)M k C M m+fc _ n _i, for all n G Z. Given a G W m , a(m — 1) acts on each M k . The subspace 
M is then a module over A(>V) with action [a] h» a(m - 1) G End(M ). In fact, M^M 
provides a one-to-one correspondence between irreducible, admissible W-modules and 
irreducible A(W)-modules. If y4(W) is a commutative algebra, all its irreducible modules 
are one-dimensional, and the corresponding W-modules M = n>o M n are cyclic and 
generated by any nonzero v G M . Accordingly, we call such a module a highest-weight 
module for W, and we call i> a highest-weight vector. 

Let W be a vertex algebra which is strongly generated by elements cti of weights Wi, for 
i in some index set /. Then A{W) is generated by {a« = 7Tzhu(«i(^))| i £ Moreover, 
A(W) inherits a filtration (but not a grading) by weight. 

Theorem 10.1. For all n > 1, A(V_„) is a commutative algebra, so all irreducible, admissible 
V- n -modules are highest-weight modules. 

Proof. It suffices to show that [a*, %] = for alH, j = 1, 3, 5, ... , 2n 2 + 4n — 1. This is 
clear from the fact ACJ/Vi+o^-n) is abelian, and the generators w 2m+1 of V_ n are linear 
combinations of the generators of Wi +00; „„ and their derivatives. □ 

The same argument shows that A(Mll n ) is abelian. Since Mt n is freely generated by 
W 1 , W 3 , W 5 ,... it follows that A(Mt n ) is the polynomial algebra C[A\ A 3 , A 5 , ■ ■ ■ ], where 
A 2m+l = n zhu {W 2m+1 ). Moreover, A(V_ n ) = Cfa 1 ^ 3 ^ 5 , . ..]//_„, where 7_ n = 7r zh u(X- n ), 
and we have a commutative diagram 



(10.4) ^TTZhu ^TZhu 



(10.1) 




(10.2) 




A{Mt n ) A{ ^ n} A(V_ n ) 
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Since A(V_ n ) is generated by {a 1 , a 3 , a 5 , . . . , a 2n2+4n x }, 

A(V. n ) = C[a\ a 3 , a 5 , . . . , a 2 "^ 4 "" 1 ]//-™, 

where J_ n is now regarded as an ideal inside Cfa 1 , a 3 , a 5 , . . . , a 2n2+4n_1 ]. The correspond- 
ing variety V(I_ n ) C C n +2n then parametrizes the irreducible, admissible modules over 
V_ n . The problem of classifying these modules is equivalent to describing J_ n . 

11. Invariant subalgebras of <S(V) under arbitrary reductive groups 

In this section, we study S(V) G for a general reductive group G C S , p 2 n- By Theorem 
13.2 of [KWY], «S(V) has a decomposition of the form 

(11.1) S{V)^Q}L{v)®M\ 

where H indexes the irreducible, finite-dimensional representations L(u) of Sp 2n , and 
the M u 's are inequivalent, irreducible, highest-weight V_„-modules. The modules M u 
appearing in (|11.1|) have an integrality property; the eigenvalues of {w 2m+1 (2m + 1)| m > 
0} on the highest-weight vectors f v are all integers. These modules therefore correspond 
to certain rational points on the variety V(I- n ). Using a classical theorem of Weyl, we 
show that S(V) G has an (infinite) strong generating set that lives in the direct sum of 
finitely many of the modules M v . An easy consequence is that S(V) G is finitely generated 
as a vertex algebra. The strong finite generation of S(V) G takes more work, and our proof 
is essentially constructive. The key step is to show that the modules M v appearing in 



(|11.1[) have a certain finiteness property. Together with the finite generation of «S(V) and 



the fact that V_„ is of type W(2, 4,6,..., 2n 2 + An), this is enough to prove the result. 

Theorem 11.1. For any reductive group G of automorphisms ofS{V), S(V)° is finitely generated 
as a vertex algebra. 

Proof Recall that S(V) = gr(S(V)) as linear spaces, and 

gr(S(Vf) - (gr(S(V)f - (Sym0f4) G = R 

k>0 

as commutative algebras, where £4 = C 2n as 5 , p 2 n-modules. For all p > 0, there is an 
action of GL P on ©^Ig C4 which commutes with the action of G. The natural inclusions 
GL p GL q for p < q sending 

\M 



M — >• 



I q - P 



induce an action of GL^ = lim^oo GL P on fc>o t4. We obtain an action of GLoo on 
Sym fc>o U k by algebra automorphisms, which commutes with the action of G. Hence 
GLcq acts on R as well. By a basic theorem of Weyl, R is generated by the set of trans- 
lates under GL^ of any set of generators for (Sym 0)^0 1 U k ) G [We J. Since G is reductive, 
(Sym 0^ Uk) G is finitely generated, so it contains homogeneous elements /i, . . .,/*• 
such that {afi \ i — 1, . . . , k, a G GL^} generates R. By Lemma l3Tl the set 

{(afi)(z) e S(Vf\ i = 1, . . . , k, a e GL^}, 

where (afi)(z) correspond to af under the linear isomorphism S(V) G = gr(S(V) G ) = R, 
is a strong generating set for S(V) G . 
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In the decomposition of S(V) as a bimodule over Sp 2n and V_ n , the S , p 2n -isotypic 
component of S(V) of type L(u) is isomorphic to L(v) ® M v . Each L{v) is a module over 
G C Sp 2 n/ and since G is reductive, it has a decomposition L(z/) = Q^h^L^u)^. Here 

runs over a finite set _£P of irreducible, finite-dimensional representations L(u)^ of G, 
possibly with multiplicity We thus obtain a refinement of 

(11.2) 

Let/i(z), . . . , /fc(^) € <S(V) G correspond to /i, . . . , fk under the linear isomorphism S (V) G = 
gr(S(V) G ) = R. Clearly fi(z), . . . , fk(z) must live in a finite direct sum 

r 

(11.3) ©L^gJf 



of the modules appearing in (|11.1|) . By enlarging the collection /i (z) , . . . , f k (z) if necessary, 



we may assume without loss of generality that each fi(z) lives in a single representation of 
the form L{yj) <8> M^. Moreover, we may assume that fi(z) lives in a trivial G-submodule 
L(vj)^ ® M^, where p denotes the trivial, one-dimensional G-module. (In particular, 
L(iSj)^ is one-dimensional). Since the actions of GL^ and Sp 2n on 5(F) commute, we 
may assume that (afi)(z) e L(z/,) Mo <g> M u i for all a e G^oo- Since 5(V) G is strongly 
generated by the set {(crfi)(z) \ i — 1, . . . , k, a G GLoo}/ and each is an irreducible V_„- 
module, <S(10 G is generated as an algebra over V- n by . . . , fk(z). Finally, since V_ n 
is generated by w 3 as a vertex algebra, we conclude that 5 (V) G is finitely generated. □ 

Next, we need a fact about representations of associative algebras which can be found 
in |LII | | . Let A be an associative C-algebra (not necessarily unital), and let IF be a lin- 
ear representation of A, via an algebra homomorphism p : A — > End(W). Regarding A 
as a Lie algebra with commutator as bracket, let pu e ■ A — > End(iy) denote the map 
p, regarded now as a Lie algebra homomorphism. There is an induced algebra homo- 
morphism U (A) — > End(W), where U(A) denotes the universal enveloping algebra of A. 
Given elements a,b 6 A, we denote the product in U (A) by a * b to distinguish it from 
ab e A. Given a monomial p — ai * • • • * a r e U (A), let p — a\ ■ • ■ a r be the corresponding 
element of A. Let U(A) + denote the augmentation ideal (i. e., the ideal generated by A), 
regarded as an associative algebra with no unit. The map U(A) + — > A sending p n- p is 
then an algebra homomorphism which makes the diagram 

U(A)+ 

(11.4) I \ 

A End(W) 

commute. Let Sym(W) denote the symmetric algebra of W, whose <ith graded component 
is denoted by Sym d (iy). Clearly p Lie (but not p) can be extended to a Lie algebra homo- 
morphism p Lie : A — > End(Sym(W)), where pueip) acts by derivation on each Sym d (iy): 

d 

pLie{o){Wl ■ ■ • W d ) = ^ Wx • ■ ■ pLie{a){Wi) ■ ■ • W d . 
i=l 

This extends to an algebra homomorphism U(A) — > End(Sym(W / )) which we also de- 
note by p Lie , but there is no commutative diagram like (|11.4[) because the map A — > 
End(Sym(W / )) is not a map of associative algebras. In particular, the restrictions of pue(l^) 
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and pLie{P) to Sym d (W) are generally not the same for d > 1. The following result appears 
as Lemma 3 of | jLII| . 

Lemma 11.2. Given fi G U(A) and d > 1, define a linear map & d G End(Sym d (W)) by 
( 1L5 ) K = P^)\s ym *(wy 

Let E denote the subspace of End(Sym d (W)) spanned by {§ d \ fi G f7 (^4)}- Note that E has a 
filtration 

E 1 CE 2 C---, E=\J E r , 

r>l 

where E r is spanned by {§ d \ /i G U(A), deg(fi) < r}. Then E = E d . 

Corollary 11.3. Let f G Sym d (W), and let M c Syra d (W) be f/ze cydz'c £/ (A)-module generated 
by f. Then {pLie(p)(f)\ f^eU(A), deg(fi) < d} spans M. 

Recall the Lie algebra V + C V + generated by the modes {w 2m+1 (k)\ m > 0, k > 0}. 
Note that V + has a decomposition 

where V< , Vq , and "P> are the Lie algebras spanned by {w 2m+1 (k)\ < k < 2m + 1}, 
{w 2m+1 (2m + 1)}, and {w 2m+1 (k)\ k > 2m + 1}, respectively. Clearly V + preserves the 
filtration on V „, so each element of V + acts by a derivation of degree zero on gr(V n ). 

Let Ai be an irreducible, highest- weight V_„-submodule of S(V) with generator f(z), 
and let Ai' denote the T^-submodule of Ai generated by f(z). Since f(z) has minimal 
weight among elements of Ai and V> lowers weight, f(z) is annihilated by P> . More- 
over, Vq acts diagonalizably on f(z), so f(z) generates a one-dimensional Vq © "P>o" 
module. By the Poincare-Birkhoff-Witt theorem, Ai' is a quotient of 

and in particular is a cyclic "P< -module with generator f(z). Suppose that f(z) has degree 
d, that is, f(z) G S(V")(d) \ S(V)(d-i)- Since preserves the filtration on S(V), and .M is 
irreducible, the nonzero elements of Ai' lie in S(V)(d) \S(V)(d-i)- Therefore, the projection 
<S(V){d) — >■ S(V)(d)/'S(V)(d-i) C gr(<S(V)) restricts to an isomorphism of P + -modules 

(11.6) M' = gr(M') C gr(S(V)). 

By Corollary II 1.31 we conclude that Ai' is spanned by elements of the form 

{w 2h+1 (h) ■ ■■w 2l ^ 1 (k r )f(z)\ w 2h+ \h) G V+ , r < d}. 

The next result is analogous to Lemma 7 of |LIIJ, and the proof is almost identical. 

Lemma 11.4. Let Ai be an irreducible, highest-weight V- n -submodule of S(V) with highest- 
weight vector f(z) of degree d. Let Ai' be the corresponding V + -module generated by f(z), and 
let f be the image of f(z) in gr(S(V)), which generates M = gr (Ai') as a V + -module. Fix m so 
that f G Sym d (W m ). Then Ai' is spanned by 

{w 2ll+1 (k l )---w 2lr+1 (k r )f(z)\w 2h+1 (k i ) eP+, r<d, 0<ki<2m + l}. 
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As in |LII||, we may order the elements w 2l+1 (k) G V< as follows: w 2ll+1 (ki) > u> 2?2+1 (/c 2 ) 
if h > li, or l\ = l 2 and k\ < k 2 . Then Lemma [1 1 .41 can be strengthened as follows: M! is 
spanned by elements of the form w 2ll+1 (ki) ■ ■ ■ w 2lr+1 (k r ) f (z) with 

(11.7) w 2li+1 (ki) G P+o, r<d, a<h<2m + l, w 2h+1 (h) > ■ ■ ■ > w 2lr+1 (k r ) . 

We use the notation V-„[£;], M [k], and M'[k] to denote the homogeneous components of 
these spaces of conformal weight k. Define the Wick ideal Mwick C M to be the subspace 
spanned by elements of the form 

: a(z)b(z) :, a(z) G V_„[fc], &(*) G Al 

fc>0 

Despite the choice of terminology, Mwick is not a vertex algebra ideal. 

Lemma 11.5. Let M. be an irreducible, highest-weight V- n -submodule of S(V) with highest- 
weight vector f(z). Then any homogeneous element of M of sufficiently high weight lies in the 
Wick ideal. In particular, M/ Mwick is finite-dimensional. 

Proof. It suffices to show that M'[k] lies in the Wick ideal for k » 0, where M' is the 
"P + -module generated by f(z). As usual, let d be the degree of f(z), and fix m so that / G 
Sym d (W m ). Recall that M' is spanned by elements of the form w 2h+l {ki) ■ ■ -w 2lr+1 (k r )f(z) 
satisfying (|11.7|) . Fix an element a(z) of this form of weight K » 0. Since each operator 



w 



2h+l 



(ki) has weight 2k + 1 — ki, ki < 2m + 1, and K » 0, we may assume that l\ » 
n 2 + 2n. Then the decoupling relation (|8.3|) allows us to express w 2ll+1 (z) as a normally 
ordered polynomial Qi^z) in the generators 

(11.8) 0<l<n 2 + 2n-l } t>0. 

We claim that for any weight-homogeneous, normally ordered polynomial Q(z) in the 
generators (|11.8|) of sufficiently high weight, any element c(z) G Ai, and any k satisfying 



< k < 2m + 1, Q(z) o k c(z) lies in Mwick- Specializing this to the case Q(z) = Qi^z), 
c(z) = w 2l ' 2+1 (k 2 ) ■ ■ ■ w 2lr+1 (k r )f(z), and k = k x , proves the lemma. 

We may assume without loss of generality that Q[z) =: a(z)b(z) : where a(z) = d t w 2l+l {z' / 
for some < / < n 2 + 2n — 1. Suppressing the formal variable z, we have 

(11.9) Qo k c= (:ab:)o k c = ^2- ] : {d r a)(b o k+r c) : + ^ b o fc - r _i (a o r c), 

r>0 ' r>0 

by a well known vertex algebra identity. Suppose first that b = Al for some constant A. 
Then Q = Xd t w 2l+l , and since wt(Q) >> 0, we have t » 0. Hence Qo k = A(<9'w 2 ' +1 )o fc = 
as an operator (since this operator vanishes whenever t > k). So we may assume with- 
out loss of generality that b is not a constant. 



We proceed by induction on k. For k = 0, each term appearing in (|11.9|) lies in Mwick, 
so there is nothing to prove. For k > 0, the only terms appearing in (|11.9|) that need not 
lie in Mwick a priori, are those of the form Ylr=o b °k-r-i (a ° r c). However, each of these 
terms is weight-homogeneous, and the weight of a o r c = d l w 2l+l o r c is bounded above 
by wt(c) + 2n 2 + An — 1, since d l w 2l+1 o r c = for t > r. So we may still assume that 
wt(6) >> 0. By our inductive assumption, all these terms then lie in Mwick- D 
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Corollary 11.6. Let M bean irreducible, highest-weight V- n -submodule ofS{V). Given a subset 
S c M, let Ms C M denote the subspace spanned by elements of the form 

:ui(z)--- u t (z)a(z) :, Uj(z) G V_ n , a(z) G S. 
There exists a finite set S C M such that M = Ms- 
Theorem 11.7. For any reductive group G of automorphisms ofSiV), S(V) G is strongly finitely 
generated. 

Proof. By Theorem lll.il we can find vertex operators fi(z), . . . , fk(z) such that the corre- 
sponding polynomials fi,...,fk G gr(S(V)) G , together with all GL^ translates of fi, . . . , fk, 
generate the invariant ring gr(S(V)) G . As in the proof of Lemma [11.11 we may assume 
that each f(z) lies in an irreducible, highest-weight V_„-module Mi of the form L{y)^ <g> 
M v , where L(v)^ Q is a trivial, one-dimensional G-module. Furthermore, we may assume 
without loss of generality that fi(z),..., fk{z) are highest- weight vectors for the action of 
V_ n . Otherwise, we can replace these with the highest-weight vectors in the correspond- 
ing modules. For each M ir choose a finite set Si C Mi such that Mi = (M^s^ using 
Corollary 111.61 Define 

k 

S = {w\ w 3 , w 5 ,..., w 2 ™ 2 + 4 "" 1 } u ( |J Si) . 

i=i 

Since {w 1 , w 3 , w 5 , . . . , w 2n2 + in - 1 ^ strongly generates V- n/ and the set \j k i=l Mi strongly 
generates S(V) G , it is immediate that S is a strong, finite generating set for S(V) G . □ 
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